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$\zeta(s;\alpha):=\sum_{n=0}^{\infty}\frac{1}{(n+\alpha)^{\epsilon}}$ , $\Re(s)>1$ , $0<\alpha\leq 1$
$\alpha\neq 1/2,1$ , .
Theorem A (Davenport, Heilbronn and Cassels). Hurwitz $\zeta(s;\alpha)$
$1<\sigma$ .
$\alpha\neq 1/2,1$ , Davenport Heilbronn
, $\alpha$ Cassels .
, Critical strip $D$ $:=\{s\in \mathbb{C}:1/2<\Re(s)<1\}$
. Riemann
. Hurwitz
Theorem $B$ (Bagchi and Gonek). $\alpha\neq 1/2,1$ , $1/2<\sigma_{*}<$
$\sigma_{\star}<1$ $\sigma_{*}$ , $\sigma$ , $\zeta(s;\alpha)$ $\sigma_{*}<\sigma<\sigma_{*}$ .
TheoremE $F$ (
[2, Section8.4] ).
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Riemann $\zeta(s)$ , $\sigma>1$
$\zeta(\sigma)^{-1}\leq|\zeta(s)|\leq\zeta(\sigma)$
. $\sigma\leq 1$ , .
Theorem $C$ (Bohr and Courant). $1/2<\sigma<1$ , $\{\zeta(\sigma+it) : t\in \mathbb{R}\}$
$\mathbb{C}$ .
, .
, , [1], [3], [6] .
meas$(A)$ $A$ Lebesgue , $\nu_{T}\{$ . . . $\}:=T^{-1}$meas$\{\tau\in[0,T]:. . \}$ , . . .
$\tau$ . $K$ $K_{1},$ $\ldots$ , $K_{m}$ $D$
.





$\tau$ . $\log\zeta(s)$ $\zeta(s)$
$f(s)$ .
(joint universality theorem) .
Theorem $E$ (Voronin, Bagchi and Gonek). fi $(s)$ , $K_{t}$
. $\chi_{1}$ . $\cdot\cdot\cdot$ , $\chi_{m}$ Dirichlet .
$\epsilon>0$ ,
$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\sup_{1\leq l\leq m}\sup_{s\in K_{l}}|L(s+i\tau, \chi_{l})-f_{l}(s)|<\epsilon\}>0$.












$\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)}):=\sum_{n_{1}>n2>\cdots>n_{r}\geq 0}\frac{1}{(n_{1}+\alpha_{1})^{\epsilon_{1}}(n_{2}+\alpha_{2})^{02}\cdots(n_{r}+\alpha_{r})^{\epsilon_{r}}}$,
$Sj\in \mathbb{C},$ $\alpha_{j}\in(0,1],$ $1\leq i\leq r$ . $\Re(s_{1})>1$ $\Re(s_{j})\geq 1$ ,
$2\leq i\leq r$ , $\mathbb{C}^{r}$ . $\alpha_{1}=\cdots=\alpha_{m}=1$
Euler-Zagier , $s_{1},$ $\ldots,$ $s_{m}$
, .
, , , ,
, , , , Zhao . Hurwitz
Euler-Zagier .
Lemma 1.1 (Akiyama, Ishikawa). $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$
$s_{1}=1$ , $\sum_{j=1}^{k}s_{j}\in \mathbb{Z}_{\geq k}$ , $(k=2,3, \ldots,r)$
, possible singularities .
2
. $s_{2},$ $\ldots,$ $s_{r}$ $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)} ;\alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$





Theorem 2.1. $(\alpha_{2}, \ldots, \alpha_{r})\in(0,1]^{r-1}$ $(s_{2}, \ldots, s_{r})\in \mathbb{C}^{r-1}$ , $\Re(s_{2})>3/2$ ,
$\Re(s_{j})\geq 1,3\leq i\leq r$ . $0<\alpha_{1}<1$ $f(s_{1})$ $K$
, $K$ . $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r);}\alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$ , $\epsilon>0$ ,
$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\sup_{1s\in K}|\zeta_{r}(s_{1}+i\tau,$ $s_{(2,\ldots,r);\alpha_{1},\alpha_{(2,\ldots,r)})-f(s_{1})|}<\epsilon\}>0.$ (2.1)
$0<\alpha_{1}<1$ , $(\alpha_{2}, \ldots, \alpha_{r})\in(0,1]^{r-1}$
. $\Re(s_{j})\geq 1,2\leq j\leq r$ , $\alpha_{j}\geq 0,2\leq j\leq r$ $0$ ,
$\zeta_{r-1}(s_{2},$
$s_{(3,\ldots,r)};\alpha_{2},$ $\alpha_{(3,\ldots,r)})\neq 0$ .
90
$\zeta_{r-1}\neq 0$ , $\zeta_{r}$ .
.
Theorem 2.2. $\zeta_{r}(s_{1}+i\tau, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ 1 $-\delta<\Re(s_{1})<1,$ $\Re(s_{2})>1+\delta$ ,
$\Re(s_{j})\geq 1,3\leq j\leq r_{f}0<\delta\leq 1/2$ , ,
$\Re(s_{2})>1+\delta,$ $\Re(s_{j})\geq 1$ $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$ .
, $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)} ; \alpha_{2}, \alpha_{(3,\ldots,r)})=0$ , Hurwitz
Euler-Zagier $\zeta_{r}(s_{1}, s_{(2,\ldots,r)} ; \alpha_{1}, \alpha_{(2,\ldots,r)})$
. Linnik Ibragimov ( $\sum_{n=0}^{\infty}2^{-\epsilon}$ ) Dirichlet
. $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)} ;\alpha_{2}, \alpha_{(3,\ldots,r)})=0,$ $\Re(s_{2})>1+\delta,$ $\Re(s_{j})\geq 1$ ,





$\zeta_{r-1}(S_{2^{S}(3,\ldots,r);\alpha_{2},\alpha_{(3,\ldots,r)})=}0$ $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $s_{1}\in D$
, $( \sum_{n=0}^{\infty}2^{-s}$ , Hurwitz
Euler-Zagier $\zeta_{r}(s_{1}, s_{(2,\ldots,r)}; \alpha_{1}, \alpha_{(2,\ldots,r)})$ ).
21 , .
Theorem 2.3. $(\alpha_{2l}, .\cdot. . , \alpha_{rl})\in(0,1]^{rl-1}$ $(s_{2l}, \ldots, s_{rt})\in \mathbb{C}^{rl-1}$ , $\Re(s_{2l})>3/2$ ,
$\Re(s_{jt})\geq 1,3l\leq jl\leq rl,$ $1\leq l\leq m$ . $0<\alpha_{1l}<1$ $f_{l}(s_{1})$
$K_{l}$ . $\zeta_{r\downarrow-1}(ss\neq 0$
, $\epsilon>0$ ,
$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\sup_{1\leq t\leq m}\sup_{81\in K}|\zeta_{rl}(s_{1}+i\tau, s_{(2l,\ldots,rl)} ; \alpha_{1l}, \alpha_{(2l,\ldots,rl)})-f_{l}(s_{1})|<\epsilon\}>0$ . (2.2)
22
21 . $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ .
Proposition 2.4. $\Re(s_{2})>3/2,$ $\Re(s_{j})\geq 1,3\leq j\leq r$ . $N(c, T)$ $1/2<$
$\Re(s_{1})<1,$ $|\Im(s_{1})|<T$ $\zeta_{r}(ss;\alpha\alpha)=c$ $s_{1}$ .
$\alpha_{1}$ $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r);}\alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$ . $C_{1}$ $C_{2}$
, $C_{1}T\leq N(c,$ $T)\leq C_{2}T$ .
.
Proposition 2.5. $(\alpha_{2t}, \ldots, \alpha_{r\downarrow})\in(0,1]^{rl-1}$ $\Re(s_{2l})>3/2,$ $\Re(s_{jl})\geq 1,3l\leq jl\leq rl$ ,
$1\leq l\leq m$ $(s_{2l},$
$\ldots,$
$s_{rl})\in \mathbb{C}^{rl-1}$ , $0<\alpha_{1l}<1$ . $F_{k}$ ,
91
$0\leq k\leq n$ $s_{1}$ .





$h_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)}):=(\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ ,
$\zeta_{r}^{(1)}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)}),$
$\ldots,$
$\zeta_{r}^{(M-1)}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)}))$ .





Lemma 3.1. $Hur\eta vitz$ Euler-Zagier $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $\Re(s_{1})>$
$1,$ $\Re(s_{j})\geq 1,2\leq j\leq r$ .
, $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$
.
Proposition 3.2. $\alpha_{1},$ $\ldots,$ $\alpha_{r}$ , $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $\Re(s_{1})>1$ ,
$\Re(8j)\geq 1,2\leq j\leq r$ .
32
$\Re(Sj)>1,1\leq j\leq r$ .
$\zeta(s_{1};\alpha_{1})\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})$
$= \sum_{n_{1}\geq 0,n_{2}>\cdot\cdot>n_{r}\geq 0}.\frac{1}{(n_{1}+\alpha_{1})^{\epsilon_{1}}(n_{2}+\alpha_{2})^{s2}\cdots(n_{r}+\alpha_{r})^{\epsilon_{r}}}$
(31)
$=( \sum_{n_{1}>\cdots>n_{r}\geq 0}+\sum^{*})\frac{1}{(n_{1}+\alpha_{1})^{\epsilon_{1}}\cdots(n_{r}+\alpha_{r})^{e_{r}}}$ .
92
. $\sum^{*}$ .
$n_{2}\geq n_{1}>n_{3}>\cdots>n_{r}\geq 0$ , $\cdot\cdot\cdot$ , $n_{2}>n_{3}>\cdots>n_{r}\geq n_{1}\geq 0$ . (3.2)
$\Re(Sj)>1,1\leq j\leq r$
$\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)1,(2,\ldots,r)};\alpha\alpha):=\sum^{*}\frac{1}{(n_{1}+\alpha_{1})^{81}\cdots(n_{r}+\alpha_{r})^{e_{r}}}$ ,
, $Z$ $1-\delta<\Re(s_{1})<1,$ $\Re(s_{2})>1+\delta,$ $\Re(s_{j})\geq 1,3\leq i\leq r$ .
$Z$ $|\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})|$
$\sum^{*}\frac{1}{(n_{1}+\alpha_{1})^{\sigma+\delta}1(n_{2}+\alpha_{2})^{\sigma-\delta}2(n_{3}+\alpha_{3})^{\sigma}3\ldots(n_{r}+\alpha_{r})^{\sigma_{r}}}$ (3.3)
, (3.2) . 21 $Z$ .
$\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)} ;\alpha_{1}, \alpha_{(2,\ldots,r)})$ $Z$ . .
$\zeta(s_{1};\alpha_{1})\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})=$
$\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})+\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ , $(s_{1}, \ldots, s_{r})\in Z$.
22 . $\zeta_{r-1}(\xi_{2}, \xi_{(2,\ldots,r);}\alpha_{2}, \alpha_{(3,\ldots,r)})=0,$ $\Re(\xi_{2})>1+\delta,$ $\Re(\xi_{j})\geq 1$ ,
$3\leq j\leq r$ .
$0=\zeta_{r}(s_{1}, \xi_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})+\zeta_{r}^{*}(s_{1},\xi_{(2,\ldots,r)};\alpha_{1},\alpha_{(2,\ldots,r)})$.
$\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r))}\cdot\alpha_{1},\alpha_{(2,\ldots,r)})$ $Z$ , $|\zeta_{r}^{*}(s_{1},\xi_{(2,\ldots,r)} ;\alpha_{1},\alpha_{(2,\ldots,r)})|$
$M$ . $\zeta_{r}(s_{1},\xi_{(2,\ldots,r)} ;\alpha_{1}, \alpha_{(2,\ldots,r)})$ .
21 . $\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $Z$ ,
$\zeta(s_{1} ; \alpha_{1})$ , $\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)} ; \alpha_{2}, \alpha_{(3,\ldots,r)})\neq 0$ , Hurwitz Euler-
Zagier $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(21’ r)})$ .
.
Remark 3.3. $\alpha_{1}$ $\zeta_{r}^{*}(ss\alpha_{1}, \alpha_{(2,\ldots,r)})$ (
) . $\alpha_{1}$
. $\alpha_{1}=1$ Riemann Euler
, , , $r\geq 2$ Euler-Zagier
Euler , .
Euler-Zagier :
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